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We present theoretical simulations of electron refraction at the lateral atomic interface between a
“homogeneous” Cu(111) surface and the “nanostructured” one-monolayer (ML) Ag/Cu(111) dislo-
cation lattice. Calculations are performed for electron binding energies barely below the 1 ML Ag/
Cu(111) M-point gap (binding energy EB ¼ 53 meV, below the Fermi level) and slightly above its
C-point energy (EB ¼ 160 meV), both characterized by isotropic/circular constant energy surfaces.
Using plane-wave-expansion and boundary-element methods, we show that electron refraction
occurs at the interface, the Snell law is obeyed, and a total internal reflection occurs beyond the
critical angle. Additionally, a weak negative refraction is observed for EB ¼ 53 meV electron
energy at beam incidence higher than the critical angle. Such an interesting observation stems from
the interface phase-matching and momentum conservation with the umklapp bands at the second
Brillouin zone of the dislocation lattice. The present analysis is not restricted to our Cu-Ag/Cu
model system but can be readily extended to technologically relevant interfaces with spin-
polarized, highly featured, and anisotropic constant energy contours, such as those characteristic
for Rashba systems and topological insulators. Published by AIP Publishing.
https://doi.org/10.1063/1.5005062
I. INTRODUCTION
Wave-particle duality firmly established for light in the
beginning of the twentieth century and later for electrons has
set a solid analogue between electrons and photons and brought
together much of the understanding of their physics.1 For exam-
ple, band theory first formulated for electrons in crystalline sol-
ids has been successfully applied to electromagnetic waves,
allowing the extensive study of a variety of artificial periodic
one, two, and three-dimensional photonic crystals.2 For
photonics-based applications, structures with periodicity of the
order of the light wavelength (300–1000 nm) are required, for
which lithographic techniques are at hand.3 Nanostructured
noble metal surfaces that host Shockley-type electronic surface
states could be considered electron analogues of photonic sys-
tems. However, they are characterized by a Fermi wavelength
of the order of 1–3 nm,4 so that much finer nanostructuring is
required to produce Surface State Nanoelectronics (SSNE).
Techniques such as self-assembly and Scanning Tunneling
Microscopy (STM) make the fabrication of these nanostruc-
tures possible.5,6
A case study in the present article is a two-dimensional
(2D) lateral superlattice made by combination of two noble
metal surfaces with a large lattice mismatch. Such a combina-
tion commonly organizes forming moire superstructures. In
particular, the one monolayer (ML) Ag/Cu(111) surface
exhibits an irreversible transformation from such a moire pat-
tern into a hexagonal lattice of dislocations (periodicity
2.4 nm).7,8 The peculiar band structure of this system,
probed with photoemission and modeled through a numerical
plane-wave-expansion, allowed us to conceptually demon-
strate electron guiding and collimation of Shockley electrons.
Specifically, the self-collimation was reported in the unoccu-
pied states, and therefore, its experimental realization
demands sophisticated techniques such as multi-tip STM for
simultaneous electron injection and scanning.9 A striking
electron-wave analogue of electron refraction (and verification
of Snell’s law) was experimentally observed by Repp et al. in
the 2 ML NaCl/Cu(111) system.10 This system exhibits a
moire pattern and a gapped surface band structure (i.e., similar
to the 1 ML Ag/Cu(111) system, but with different domain
orientations and smaller effective gaps. Electron refraction in
this system was observed at the lateral interface between the
clean Cu(111) surface and the insulating 2 ML NaCl-capped
Cu(111) surface, at electron energies below the Fermi level.
Here, we propose and theoretically demonstrate that elec-
tron refraction can also be revealed at the lateral interface
between the dislocation-1 ML Ag/Cu(111) system and Cu(111)
at electron energies below the Fermi level. Since the scattering
potential of Ag steps is very weak11 and the system assembles
into one single domain of dislocations, the experimental realiza-
tion of electron refraction is made easy compared to other sys-
tems. Refraction occurs because the Constant-Energy Surfaces
a)Electronic addresses: z.m.abdelfattah@azhar.edu.eg and zakaria.eldegwy@
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(CESs) of the two media have different wave-vectors k and
group velocities so that the refracted beam follows a direction
that conserves the parallel component of k. In contrast to homo-
geneous interfaces, the presence of the dislocation lattice produ-
ces umklapp bands that result in negative-refraction at high
incidence angles. At such high angles, total internal reflection
takes place for the intense main-band electrons, making the
identification of weak negative refraction experimentally via-
ble. We obtain excellent agreement between k-space and real-
space simulations, calculated by Electron Plane Wave
Expansion (EPWE) and Boundary Element Method (EBEM)
approaches, respectively. Although isotropic CESs are consid-
ered throughout this work, such an agreement allows us to
schematically illustrate that spin-splitting and negative refrac-
tion could be realized for spin-polarized and/or anisotropic
energy surfaces, such as those characteristic of surface alloys
with Rashba-split bands and topological insulators. We further
claim a general applicability of the approach followed here,
provided that electronic surface states are present and lateral
interfaces are properly designed.
II. THEORY
The surface band structures and CESs are calculated by
employing EPWE, while real-space simulations of electron
refraction are obtained using the EBEM. The Schr€odinger
equation for electrons experiencing an effective potential V
corresponding to an infinitely extended 2D periodic disloca-
tion lattice is
h2
2meff
r2 þ k2  2meff
h2
Vðx; yÞ
 
wnk ¼ 0; (1)
where k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Emeff
p
h is the electron wavenumber, E is its
energy, and meff is the effective mass. Notice that the wave
functions are labeled by the Bloch wave vector k. In EPWE,
we expand the wave functions wnk and the potential V as a
sum of Fourier components running over the reciprocal lat-
tice vectors of the periodic structure G. Inserting these
expansions inside Eq. (1), we find the linear system of
equations12
ðh2k2=2meff  EÞwnk;G þ
X
G0
VGG0wnk;G0 ¼ 0; (2)
where VG and wnk;G are the Fourier coefficients of V and
wnk. In practice we solve the system for a finite number of
G’s, limited by the condition G < gmax2p=a, where a is the
period of the dislocation lattice. We obtain numerically con-
verged results with gmax  10.
In the EBEM, the solution of Eq. (1) is obtained through
a fine discretization scheme of the boundaries enclosing
regions with different potentials. Equivalent electron sources
are placed at these boundaries and propagated through each
region j of potential Vj by means of the 2 D Green function
of Helmholtz equation as detailed in Ref. 13.
In both approaches, the potential modulations due to the
detailed atomic structure were not considered, which is a good
approximation for surface states with typical wavelengths
larger than the atomic spacing.
III. RESULTS AND DISCUSSION
Our model system is depicted in Fig. 1(a). The blue
region defines the structureless Cu(111) surface, where the
potential Vo is set to zero, and the red-green region is the 1
ML Ag/Cu(111) dislocation lattice with an effective poten-
tial variation DV¼V2  V1 ¼ 650 meV.9 The solid-white,
solid-black, and dashed-white arrows mark the direction of
the incident, refracted, and reflected electron beams at the
concerned interface, respectively, for which the electron
energy and incident angle are varied. In Fig. 1(b), we present
the calculated band structures along the surface-projected
CM directions for the 1 ML Ag/Cu(111) and Cu(111) sys-
tems. Calculations are performed by EPWE for each system
separately. An effective mass of 0.41me and values of vari-
ous potentials of Vo ¼ 0, V1 ¼ 150 meV, and V2 ¼ 800 meV
are used, while the reference energy is set to 400 meV below
the Fermi level (i.e., the binding energy of the Cu(111) sur-
face state). The C-point energy of the 1 ML Ag/Cu(111) is
found at 200 meV, and the M-point gap size amounts to
60 meV, in agreement with previous experiments and cal-
culations.7–9,14,15 Here, electron refraction is investigated at
two selected energies (dashed lines in (b)): EB ¼ 53 meV and
EB ¼ 160 meV. The corresponding CESs are circular with
larger k for Cu(111) at the respective energy [see Fig. 1(c)].
The CESs of the 1 ML Ag/Cu(111) medium, additionally,
exhibit weak umklapp contours at high k. The coexistence of
the two surface states is experimentally possible at sub-
monolayer Ag coverage. In Fig. 1(d), the experimental pho-
toemission intensity along the CM direction for 0.6 ML
Ag/Cu(111) is presented. Both the Cu(111) and the 1 ML
Ag/Cu(111) surface states coexist with their band minima at
400 meV and 200 meV, respectively. The overall match-
ing with the calculations is highlighted by superimposing the
dispersions in (b) onto the photoemission intensity. At such a
reduced coverage, the geometry defined in Fig. 1(a) is fre-
quently present in STM measurements [see Fig. 3 in Ref. 9].
In contrast to the 2 ML NaCl/Cu(111) system, a monoatomic
step height and single domain Ag stripes are obtained in flat9
or vicinal16 Cu(111), making the experimental observation
of electron refraction relatively simple.
In Figs. 2(a) and 2(b), we present for the geometry
defined in Fig. 1(a) the wave-vector-space electron bands for
the two sets of CESs shown in Fig. 1(c). The top and bottom
halves are the CESs for 1 ML Ag/Cu(111) and Cu(111),
respectively. An electron beam of wave-vector kin (blue
arrow), coming from Cu(111) and hitting the interface at an
angle a, undergoes side refraction (red arrow) with a new
wave-vector krefr and refraction angle b following Snell’s
law. In wave-vector-space, the direction of any transmitted
beam (i.e., b) is obtained from the intersections of construc-
tion lines placed at kin (dashed-vertical lines) with the CES
at the second interface, i.e., Ag/Cu(111). These lines set the
conservation constrains for the wave-vector components par-
allel to the interface. Except for normal incidence, a partial
reflection simultaneously occurs (dashed-blue arrow) with
jkreflj ¼ jkinj, and the intensity of this reflected beam is
enhanced for large incidence angles according to Fresnel’s
coefficients. The phases are also matched at the interface and
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are p out-of-phase for the refracted and reflected beams,
respectively. At the critical angle ac (black arrow), the beam
is transmitted parallel to the interface (dashed-black arrow)
forming an evanescent wave so that total internal reflection
proceeds at higher angles. The momentum-space form of
Snell’s law is written as
jkinj sinðaÞ ¼ jkrefrj sinðbÞ; krefr sinðaÞ ¼ kin sinðbÞ: (3)
All these quantities are summarized in Table I for the two
concerned binding energies and for selected incidence angles.
Before we present a real-space representation of refraction for
the finite geometry presented in Fig. 1(a) using EBEM, we
want to ensure that the EPWE calculated band structures for
each region are unaltered in the finite geometry. To this end,
we present Local Density of States (LDOS) calculations
obtained from EPWE [see Fig. 2(c)] for Cu(111) (blue) and 1
ML Ag/Cu(111) (red) systems. The corresponding LDOS for
the finite geometry is calculated at the spatial location of two
black dots indicated in Fig. 1(a). The agreement between
LDOS for the extended and finite geometries is reassuring (i.e.,
neither the shift of the surface state energy nor the variation in
the M-point gap size or energetic position are observed).
Figure 3 presents EBEM simulation results of
refraction-reflection behavior for a Gaussian electron beam,
made up of 100 plane waves, hitting the Cu(111)–1 ML
Ag/Cu(111) interface at the tabulated incidence angles with
a Gaussian wave-vector distribution along the direction
transversal to the beam propagation. The beam width is set
to 100 A˚, with its focal point placed right at the interface.
The yellow-black arrows positioned according to Eq. (3)
corroborate the good matching between the real-space simu-
lations and wave-vector-space analysis, except for critical
angle incidence [see Fig. 3(e)]. Here, the transmitted inten-
sity is not parallel to the interface (green arrow) and deviates
by 9 from the wave-vector-space analysis (black arrow).
In fact, close to ac, the angle b is highly sensitive to small
variations in a, where a deviation by only 1 leads to a
change of b by 4. Given the finite width of the beam
employed here (i.e., 100 A˚), different incidence angles,
around the concerned one, are simultaneously sampled.17
This effect is also presented in Fig. 3(d), for which traces of
transmitted intensity, for a > ac, are faintly visible. In such
circumstances, the direction of the refracted beam is better
estimated from the phase analysis presented in Fig. 3(f),
where an incident plane wave is used instead. The black lines
define the wavefront, and the refraction angle is found to be
90 (i.e., parallel to the interface). Additionally, the phase
matching condition at the interface (i.e., the continuity of the
wave fronts) is clear, and the electron wavelength, defined
by the green double arrow, changes its value after crossing
FIG. 1. (a) Geometry used in EBEM
and EPWE calculations. The red and
blue areas represent the moire-1 ML
Ag/Cu(111) and the clean Cu(111) sur-
face, respectively, while the green tri-
angles describe the dislocation lattice
characteristic of the annealed moire-1
ML Ag/Cu(111) surface. The arrows
represent the incidence (solid-white),
refracted (solid-black), and reflected
(dashed-white) beams. (b) Calculated
band structures using EPWE for the
dislocation-1 ML Ag/Cu(111) (red)
and the clean Cu(111) (blue) surfaces
along the CM direction. (c) Simulated
constant energy surfaces taken at the
dashed-black lines in (b) (i.e., at
–160 meV and –53 meV) for both
dislocation-1 ML Ag/Cu(111) (top)
and Cu(111) (bottom) surfaces. (d)
Experimental ARPES data taken along
the CM direction for a 0.6 ML Ag/
Cu(111).
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the interface from 32 A˚ to 49 A˚, in reasonable agreement
with tabulated values (Table I). Finally, the dashed black
arrows in Figs. 3(a)–3(c) mark back-reflected beams at the
borders of the Ag/Cu slab.
We note that the behavior shown in Fig. 3 is practically
identical, except for strong intensity modulation of the trans-
mitted beam, to refraction/reflection at lateral interfaces
between homogeneous media with different k-radii energy
contours, such as submonolayer Ag on Au(111).17 The
intrinsic fingerprint of the nanostructured dislocation lattice
is shown in Fig. 4(a). At 50 (top) and 60 (bottom) inci-
dence, in addition to the reflected beams (yellow dashed
arrows), transmitted negatively refracted beams (black
arrows) with refraction angles of –63 and –53 are also
observed, respectively, which are not expected according to
Eq. (3). In fact, Snell’s law in the presence of a hexagonal
periodic structure takes the following form18
jkinj sinðaÞ þ G
2
¼ jkrefrj sinðbÞ; (4)
where G is a reciprocal lattice vector, which is given by either
G ¼ 4npa or G ¼ 4npﬃﬃ3p a if the interface is oriented along the CK or
CM directions, respectively, where n¼ 0,61,62,…
Therefore, umklapp bands at higher-order Brillouin Zones
(BZs) participate in the refraction process through the G/2
term in Eq. (4). This is schematically presented in Fig. 4(b) for
the CK-oriented interface shown in Fig. 1(a). At such high
incidence angles (see blue arrow, kin), only umklapp bands at
the second BZ satisfy the parallel-momentum conservation
condition (solid-red arrow, kr), and the direction of the
refracted beam is found by folding it back onto the first BZ
(dashed-red arrow, kr0) by the appropriate reciprocal lattice
vector (dashed-black arrow, G), yielding good agreement with
the real-space simulation presented in (a). We note that Ag/Cu
strips are always found along the CK direction in the experi-
ment, grown on either flat or vicinal surfaces. Nonetheless,
according to Eq. (4), a different behavior is expected if the
stripes were aligned along the CM direction. Closer inspection
into Fig. 4(a) shows that the negatively reflected beams addi-
tionally exhibit intensities that follow the photoemission spec-
tral weight (i.e., higher intensity at small incidence below the
critical angles in accordance with the higher umklapp spectral
weight near the BZ boundaries). Furthermore, the evanescent
field associated with the total internal reflection within the
main bands is visible at the interface, with stronger intensity
suppression for a ¼ 60. We note that only a totally reflected
beam is obtained (not shown) at incidence angles higher than
the critical angle for EB ¼ 160 meV. Obviously, the umklapp
bands in this case are not met by the momentum window
spanned by the Cu(111) CES at the same energy.
FIG. 2. Wave-vector-space analysis of
the refraction/reflection at the 1 ML
Ag/Cu(111)-Cu(111) interface for
electron energies (a) EB¼ 53 meV and
(b) EB¼ 160 meV. Upper and lower
halves of (a) and (b) are the 1 ML Ag/
Cu and Cu(111) constant-energy surfa-
ces, respectively. The arrows represent
electron beams with incidence angle a
(solid-blue arrow), refracted angle b
(solid-red arrow), and reflected angle a
(dashed-blue). The solid-black arrow
represents incidence at a critical angle,
and while the dashed arrow defines the
direction of the confined evanescent
wave. (c) Calculated LDOS at Ag/Cu
(red) and Cu(111) (blue) using EPWE
(triangles) and EBEM (circles). In
EBEM, the LDOS is calculated at the
black dots in Fig. 1(a).
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In fact, negative refraction has been recently predicted19
and experimentally verified20 for graphene p–n junctions, and
the fabrication of superlenses based on graphene is claimed to
be possible.20,21 Although the electron-light analogy for
refraction, waveguiding, collimation, etc. could be demon-
strated experimentally under special conditions in some sys-
tems, the fabrication/operation of surface-state-based devices
requires far more robust surface states than those reported on
metal surfaces and on graphene p–n junctions. In this regard,
Rashba systems, such as BiCu2 or BiAg2 alloys, and topologi-
cal insulators support these types of robust surface states.
Moreover, the states are spin-polarized and feature highly
anisotropic Fermi surfaces,22,23 making them ideal candidates
for the realization of a variety of SSNE devices. In Fig. 4(c), a
schematic illustration of electron refraction at the lateral inter-
face between Cu(111) and BiCu2/Cu(111) is sketched. The
corresponding Fermi surfaces are represented by the black
and red-blue circles for the sp Shockley and pz Eþ/E– Rashba
surface states,24 respectively.
At the interface between such electron-like (i.e., phase
(tph) and group (tg) velocities are parallel) and hole-like (i.e.,
phase (tph) and group (tg) velocities are anti-parallel) bands,
momentum conservation implies that the tangential compo-
nent of the group velocity reverses its direction, leading to the
negative refraction illustrated in Fig. 4(c). Furthermore, two
spin-polarized refracted electron beams (red and blue arrows)
are obtained, demonstrating the possible application of such a
system as a spin-filter, and providing a clear analogy to bire-
fringent materials. We note that in contrast to the Cu-Ag/Cu
interface, the fabrication of Cu-BiCu2 lateral interfaces cannot
be made by Bi-submonolayer coverage, but possibly by mask-
ing a portion of Cu(111) single crystals during Bi deposition.
Interestingly, unlike the Cu-Ag/Cu system, lateral interfaces
with such Rashba alloys do not involve a “physical” atomic
step, and therefore, electron transmission is greatly enhanced.
The negative refraction expected in this particular system
is analogous to that of a subwavelength metamaterial in which
the effective refractive index is negative. Negative refraction
without a negative refractive index is also possible in photonic
crystals with suitable shapes of their iso-energy contours.25
Electron analogues for this effect could be found at the inter-
face between Bi2Se3
22 with a circular Fermi contour and
Bi2Te3
23 with an anisotropic Fermi surface at certain
FIG. 3. Real-space simulations of electron refraction/reflection at a Cu(111)–1ML Ag/Cu lateral interface. Calculations are performed with a Gaussian electron
beam incident from Cu(111) at angles of (a) and (b) 15, for EB ¼ 53 meV and EB ¼ 160 meV electrons, (c) and (d) 30 for EB ¼ 53 meV and EB ¼ 160 meV
electrons, and (e) 41 for the EB ¼ 53 meV electrons only. (f) Same as (e) for a plane-wave source, only showing the corresponding phase analysis. The direc-
tions obtained from Eq. (3) and wave-vector-space analysis are defined by the solid yellow and black arrows for the incident and refracted beams, respectively,
while dashed arrows stand for reflected beams from the first interface (yellow) and the second termination of the Ag/Cu slab (black). The green arrow in (e)
highlights the deviation between real-space and wave-vector-space representations.
TABLE I. Wave vectors and wavelengths of the incidence/refracted electron
beams under consideration and their critical (ac), incidence (a), and refrac-
tion (b) angles.
EB
(meV)
jkinj
(A˚1)
kin
(A˚)
jkrefrj
(A˚1)
krefr
(A˚)
ac
(deg.)
a
(deg.)
b
(deg.)
53 0.19 32.5 0.13 48.9 41 15 23
30 49
160 0.16 39.3 0.07 94.5 25 15 38
30 …
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incidence angles, as illustrated in Fig. 4(d). Both materials dis-
play electron-like dispersions, and the direction of tg is not
reversed, but negative refraction occurs here due to the curva-
ture of the Bi2Te3 Fermi surface, where tg takes the direction
defined by the tangent of the dispersion dEðkÞ=dðhkÞ.
We want to stress that the negative refraction observed in
our model system is a result of the umklapp bands and there-
fore extremely weak to be realized experimentally and inte-
grated in practical devices. In contrast, for the systems
presented in Figs. 4(c) and 4(d), the main bands are doing the
job, and therefore, the effect should be experimentally detect-
able.20 Moreover, our model system is fully metallic, and
hence, inelastic contributions from the underlying substrate
would potentially screen surface effects, adding up to the
strong scattering of surface electrons by defects that are com-
monly present even in well-cleaned surfaces. In this context,
topological insulators seem to fulfill all SSNE prerequisites,26
being insulators and hosting spin-polarized robust surface
states. Research in 2D and 3 D topological insulators is rapidly
progressing, and hence, a variety of featured CESs that match
different analogues of optics phenomena could be explored. It
is important to note that such CESs have to be tuned to the
Fermi energy, where the electron lifetime reaches a maximum
value. A current challenge toward integrating topological
insulators into SSNE applications will likely lie in the fabrica-
tion of such lateral topological insulator interfaces, although
experiments in this direction are emerging.27,28
IV. CONCLUSION
In conclusion, we have shown that electron refraction
takes place at the lateral interface between the nanostructured
dislocation lattice offered by 1 ML Ag/Cu(111) and a homo-
geneous Cu(111) surface. At electron-surface-state-beam inci-
dence angle higher than the critical angle, total internal
reflection occurs in combination with transmitted negatively
refracted electrons, resulting from the conservation of parallel
momentum taking into consideration the dislocation lattice
umklapp bands. Such negatively refracted beams are not pre-
sent at electron energies for which the umklapp bands are
positioned in regions of momentum space not spanned by the
Cu(111) iso-energy contour taken at the same energy. For all
incidence angles and electron energies, we obtain reasonable
agreement between wave-vector-space and real-space simula-
tions obtained by EPWE and EBEM calculations, respec-
tively. Using this type of k-space analysis, we schematically
show that spin-split negative refraction is expected at the
BiCu2-Cu(111) interface, while the isotropic-anisotropic
Bi2Se3-Bi2Te3 interface might exhibit single-beam negative
refraction.
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